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Three-Dimensional^ Minimum Fuel Turns
for a Supersonic Aircraft

J. K. HEDRICK* AND A. E. BRYSON, jR
Stanford University, Stanford, Calif.

Using the energy-state approximation, turns are calculated for a particular aircraft where the initial energy,
the change in heading angle, and the final energy are specified. Angle-of-attack and thrust are constrained.
In general, the optimum turns are composed of variable altitude, variable bank angle programs, which use either
maximum thrust or zero thrust. There are three types of minimum fuel turns: a) powered accelerating turns,
b) coasting decelerating turns, and c) combinations of powered-coast or coast-powered arcs. Numerical results
are presented for a) coasting turns, b) climbing turns from takeoff, and c) general three-dimensional turns.

Nomenclature

c — fuel consumption constant
CDo — zero lift drag coefficient
CLx = lift coefficient curve slope (dCJdoc)
D = drag = D0 + DL
DL = ̂ (mgy/Ly = drag due to lift when a = 0
D0 = zero lift drag = CDoqS
E = energy = (V2l2)+gh
g = acceleration of gravity
h — altitude
If = Hamiltonian
L = lift
La = lift curve slope = CLaqS
m = mass of aircraft
M = Mach number
q = dynamic pressure = %pV2

R = turning radius
S = area
T = thrust
jTmax = maximum thrust = Tm&K(V,h)
V = velocity
a = angle-of-attack
as = angle-of-attack at stall
ft = heading angle
77 = aerodynamic efficiency factor (i < 17 < 1)
a = bank angle
A,, — heading angle adjoint
\E = energy adjoint
/xi = thrust constraint adjoint
jjL2 = angle-of-attack constraint adjoint
/i3 == altitude constraint adjoint
p = density of atmosphere
y = flightpath angle

Subscripts

o.o/
= initial value
- final value-

Introduction

IN the last few years, optimization techniques have been
applied to the turning performance of high-speed aircraft.

In Refs. 1-3, minimum fuel and minimum time turns at
constant altitude were investigated. Reference 4 discusses
three-dimensional minimum time turns. Beebee5 has used
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the energy state approximation to determine minimum time
three-dimensional turns for a hypersonic rocket-powered
aircraft. Kelley and Edelbaum6 have discussed energy
climbs and energy turns in terms of asymptotic expansions.
Boyd and Christie7 have also made contributions to the study
of performance optimization using energy methods. In
this paper altitude, bank angle and thrust programs are
determined which minimize the fuel required to turn through
a specified heading angle and reach a specified energy.

Equations of Motion and Constraints

The equations of motion and constraints for a minimum
fuel turn are (see Fig. 1):

vertical

vertical

zero lift axis

horizontal
1 mg

Fig. 1 Nomenclature
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E=V(T-D)/m

P=gta.na/V

(x. = mg seccr/La

/z>0
mg seco- < La

(1)

(2)

(3)

(4)

(5)

The change in mass due to the burning of fuel is assumed
to be small compared to the total mass of the aircraft, and an
average constant mass is used in Eqs. (1) and (3).

Necessary Conditions

The mass flow rate can be approximated as

m = -Tic (6)

where c is assumed to be constant. We wish to minimize
the fuel burned (Aw)

Am = f (Tlc)dtJt0
(7)

To do this, we must find the a(t), T(t), and V(t) which mini-
mize Aw, subject to Eqs. (1, 2, 5) and

£(0) - 0; j8(r,) = j8/f £(0) = E0, E(tf) = Ef (8)

The variational Hamiltonian for this problem may be
written as

H = (T/c) + (Xpg tanor/F) + [XEV(T- D)/m] +
- rmax) + fji2[(mg seccr/La) - as] + ̂ [V - (2E)1'2]

(9)
where

> 0 if a = as

= 0 if a < as

>0if V=(2EY12

-Oif V<(2E)1/2

(10)

(H)

(12)

Necessary conditions for a minimum fuel turn include
Eqs. (1-5, 8, 10-12) and the following equations:

A£ = -8H/3E = (XEV/m)(dD/dE) + (^TdT^/ 3E) +
(13)

(14)

dH/dT=(l/c) + (XEV/m) + /*i(2r- Tmax) = 0 (15)

dH/Ba = secM(0A,/JPO - (2XEVDL taner/w) +
(l*2mg sina/La)] (16)

= 0

(-Xfg tana/F2) + ̂  ~ (XE/m)[d(VD)/dV]+
(XET/m) - fa rarmax/a v) -

= Q (17)
(13)

(19)

Since H is not an explicit function of time, a first integral
of the optimal turn is H = constant; from Eq. (19) this
requires

H = 0, 0 < t < tf

Equations (10) and (15) require that

0 if

(20)

(21)

It is shown in Ref. 8 that the use of partial thrust
(0 < T < rmax), P! =0, over a finite period of time is not
minimizing. The expression [(1/c) + (XEV/m)] is often called
a " switching function" since a change in its sign determines
when to switch off or switch on the thrust.

Arcs Where T= Tmax, a < as, h > 0

The necessary conditions (16) and (17) cannot be satisfied
with r = 0 when ju2 = ^3 = 0. Hence T=TmzK when
a < as, h > 0. With ju,2 = 0, (16) requires that

A£ = ctna/2V2DL (22)

From Eqs. (20) and (22), tano- is a function of V, D, rmax,
and A
tano- = (- ±

(23)

Since, d(km) = A^8j8, it is clear that A^ < 0, since 8j8 > 0
certainly implies d(&m) < 0. Substituting Eq. (23) into
Eq.(l)

E=
(24)

The (+) sign in Eq. (24) corresponds to the (— ) sign of Eq.
(23), and the (— ) sign of Eq. (24) corresponds to the (+)
sign of Eq. (23).

Given values of a and F, Eqs. (24) and (2) can be integrated
numerically to give a one parameter family of optimal paths
in the f$9E space, with Xp as the parameter. The values of
a and V may be determined from Eq. (23) and the following
equation :

0 = dHI8P=(-Xpg tana)F2)
{D0 4- DL sec2cr -

^ etna /2F2 DL) x

(25)

Arcs Where T= 0, = as, h > 0 (Gliding Turns)

For our example airplane, optimizing arcs with T= Tmax
cannot occur with a — as, h>0. With T — 0, a = as,
h > 0, the necessary conditions are identical to those for
maximum turn glides. Reference 8 treated several aspects
of gliding turns, i.e., turns with zero thrust and with final
energy less than initial energy (Ef < E0). In particular, the
problem of maximizing final turning angle, j3/, for a given
final energy, Ef, was treated. These maximum turn glides
constitute coasting arcs of minimum fuel turns. If the re-
quired turn can be completed with zero thrust, no fuel will
be used; this is clearly the minimum amount of fuel. If the
maximum turn glide for specified Ef gives a j8/ greater than
the required £/, the minimum fuel turn is not defined uniquely,
but clearly can be accomplished with T = Q, e.g., by ceasing
to turn when the required j8/ has been reached, and coasting
to the desired Ef. However, if the maximum turn glide for
a specified Ef gives less than the required £/, or if Ef > E09
the minimum fuel path obviously must include a powered
flight arc.
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DIFFERENT X^'

Ef E

Fig. 2 A one parameter family sketch in the f$,E space.

Given /30 = 0 and E09 we may generate a field of extremals
by varying A/j continuously. Figure 2 illustrates such a field
qualitatively. Given E09 Ef9 and A£, we must find the A/?
that generates the path which satisfies our end conditions.

Minimum Fuel, Increasing Energy Turns with Final Heading Angle
Specified

This case includes the case of a climbing turn from takeoff.
After takeoff, the airplane accelerates at sea level as long as
fji3 >0. Assuming T = rmax(>i > 0), a < as(/x2 = 0) and
h=0[V=(2E)1/2]9 IJLZ is found by eliminating /^ and A£
from Eqs. (15, 17, and 22)
/*3 = (gXelV2){t*.na - (ctna/2Z)L)(a/aF)[F(rmax - D)]} -

(l/c)(armax/3K) (26)
When ju,3 = 0, the airplane should begin to climb. The
"climb Mach number" and the corresponding bank angle
can be found for each A^ by setting Eq. (26) equal to zero,
and using the (— ) root of Eq. (23). The numerical results
that follow are for the F4H aircraft (a supersonic interceptor)
with mg — 35,000 Ib, whose data are given in Ref. 9.

In Fig. 3 the dashed curve sloping upward to the left
represents ju.3 = 0 in the a9Efg space. The ^3 = 0 curve
intersects a = 0 at E\g ~ 13 kft (M ~ 0.83, h = 0); this agrees
with the begin climb point found in Ref. 9 for the case not
involving turns. The dash-dot line in Fig. 3 is the curve at
which the switching function equals zero, i.e., l/c-\-XEV/m
= 0. Below this curve the minimum fuel trajectories require
T— rmax. The cross-hatched curve in Fig. 3 represents the
stall boundary at sea level. The solid lines represent mini-
mum fuel paths, with A/? varying between —0.25 and —9.0.
Bank angle increases until E/g = 12.5 kft and then begins
to decrease; at E/g = 59 kft there is a jump discontinuity
after which the bank angle decreases gradually.

Figure 4 shows that minimum fuel paths remain at sea
level until E\g ~ 13 kilofeet (A=0, Af = 0.83), and then
climb with increasing energy to E\g ~ 59 kft (h = 46,000 ft,
M = 0.87). At this point there is a "corner" in the controls
representing a zoom dive from 46,000 ft to 33,000 ft

30 40 50 60
ENERGY HEIGHT-KILOFEET

30 40 50 60
ENERGY -HEIGHT-KILOFEET

Fig. 4 Altitude as a function of energy-height for minimum
fuel turns.

(M — 1.33) at constant energy, after which energy and altitude
continue to increase gradually.

Figure 5 shows j8 vs E/g for the initial conditions h = 0,
M = 0.4 as Xp varies between —0.25 and —1.75. The
trajectory to the far left represents a = as, h = 0. Given
the final heading angle and energy height, this chart can be
used to find the value of A/, for a minimum fuel turn from
h=Q, M = 0.4. For example, suppose we wish to reach a
final energy height of 50 kilofeet while turning through 100°,
starting at h=Q, M = 0.4. From Fig. 5, the appropriate
value of X0 lies between —0.25 and —0.60; interpolating,
A0 ~ —0.37. We can now find the control histories (a,/z vs
E/g) from Figs. 3 and 4.

General Three-Dimensional Turns

There are several major differences between minimum
time and minimum fuel turns. For minimum time turns
(see Ref. 4), the condition for maximum thrust (A£ < 0) is
satisfied for all trajectories with a < as. The condition for
maximum thrust in the minimum fuel problem (A£ < —m/Vc)
is not satisfied by all trajectories with a < as.

From Eq. (20), for T= rmax, we have
(lie) + (XEV/m) = (l/rmax)[(A£ra/m) - (27)

From Eq. (21), this must be negative for maximum thrust to
be optimal. For a < as Eq. (16) becomes

XEV/m = gXff/2VDL tana (28)

ENERGY-HEIGHT-KILOFEET

Fig. 3 Bank angle as a function of energy-height for minimum
fuel increasing energy turns.

Fig. 5 Heading angle as a function of energy-height for minimum
fuel turns starting from take off.
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Substituting into Eq. (27) and rearranging terms

(1/c) + (XEV/m) = (gXp/2VDL tanarmax) X
(D0 + DL - DL tanV) (29)

Since A^ is negative, the right factor of Eq. (29) must be
positive if the switching function is to be negative. Rear-
ranging,

tan2c7 < 1 + (DO/DL) (30)

is the condition which must be satisfied for T=Tma* and
a < as to be optimal.

Equation (30) may be written as
tan2a </(/*,£) (31)

From Fig. 4 we can see that all the accelerating paths have
nearly the same altitude vs energy height histories; therefore,
Eq. (31) can be expressed by the approximation

100

<f(E) (32)

This curve, labelled S.F. = 0 (switching function = 0), is
represented in Fig. 3 by a dash-dot curve. For energies less
than 59 kilofeet, it lies below the T=D curve. All the
trajectories below this curve use maximum thrust. As can
be seen from Fig. 3, there are very few trajectories which
intersect the S.F. =0 curve; however, there are several tra-
jectories that begin at the stall boundary and do intersect
this curve, e.g., A, = —1.22. These trajectores are discussed
in more detail in the next section. For energies greater than
10 kft, the trajectories either begin on the switching function
curve or never intersect it. This means that the only tra-
jectories consisting of a powered arc followed by a coasting
arc occur at very low energies; all other trajectories are purely
accelerating, or are composed of a coasting arc followed by
a powered arc.

In Fig. 3, there are no decelerating trajectories. For the
aircraft described in Ref. 9, it is never optimal to use maxi-
mum thrust while decelerating; i.e., Eqs. (13-19) cannot be
satisfied for r=rm a x when the drag is gretaer than rmax.
Therefore, T = 0 whenever £<0. This, however, is a
numerical result for a particular aircraft, and not necessarily
true for all aircraft.

From Figs. 3 and 4 we see that there are, in general, three
types of minimum fuel turns: 1) accelerating turns with
T= Tmax, 2) gliding turns with T = 0, or 3) a combination of
gliding and powered turns. Note that when E/g > 59 kft,
all trajectories beneath the thrust equal drag curve satisfy
Eq. (30).

In Ref. 8, it is shownvthat to maximize AjS when T = 0, we
must choose K,o- such that

max(tan<7/F2D)|£ (33)
V,o

For the aircraft whose data are given in Ref. 9, the solution
to Eq. (33) occurs when a = as, so that

cr = cos ~ 1(mg/Laocs)

and Eq. (33) becomes
max{(as

2L«2 - \YI2IV2[D0 + (DLocs
2Lx

2)/m2g2]}\E (34)
Figures 6 and 7 show the numerical solution to Eq. (34).

For a maximum turn glide, Fig. 6 shows altitude as a function
of Mach number; Fig. 7 shows the bank angle as a function
of Mach number.

If Ef < Eo and if between E0 and Ef we can make a gliding
turn with A/3 greater than or equal to the specified A/3, then
clearly this is a minimum fuel path. If the specified A£ is
greater than the maximum gliding turn Aj8, or if Ef > E0,
the trajectories which minimize fuel must involve a powered
arc.

As shown in Fig. 3, the only possible trajectories for ener-
gies greater than 10 kilofeet are either purley accelerating

0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 ».6

MACH NUMBER

Fig. 6 Altitude for maximum A/3 as a function of Mach
number.
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Fig. 7 Bank angle for maximum A/3 as a function of mach
number.

trajectories with T= Tmax, or trajectories including a coasting
arc followed by a powered arc. The point at which the thrust
should be turned on is determined by the point at which the
switching function, (l/c) + (AEK//w), changes sign for a par-
ticular Xe.

Figure 8 is a state space chart for a final energy height of
35 kft. Heading angle to go, Aj8, is plotted as a function of
energy-height for several minimum fuel turns. The stall
boundary is represented by the cross-hatched curve. The
dashed curve shows where the switching function is equal to
zero, i.e., the curve where T switches from T= 0 to T=Tmax.
Figure 8 also contains contours of constant fuel expenditure
to go. Contours of Am equal to 30, 20, and 10 slugs to go
are indicated by the dashed curves sloping upward toward
the right.

Those trajectories whose initial conditions lie within the
area circumscribed by the a = as curve and S.F. = 0 curve
are accelerating paths with T=Tma*. Those trajectories
which lie to the right of the coasting trajectory (T = 0) with
the final conditions E\g = 35 kft, A^ = 0, may all be accom-
plished with r = 0. Those trajectories whose initial condi-
lions lie in the region above the S.F. = 0 curve and to the
eft of the coasting curve with the final conditions E/g = 35 kft,
A/3 = 0, consist of a gliding arc at a = as and a powered arc
at T= Tmax. For the gliding arc, h and a can be found from
Figs. 6 and 7. When the path reaches the switching curve,
the thrust is switched from T=0 to T= rmax, a zoom dive
at constant energy occurs, and there is an instantaneous
increase in bank angle. Given the energy at the point where
the discontinuity occurs, the discontinuity in altitude can be
found from Fig. 4: the trajectory drops from the 7 = 0 curve
to the T= rmax curve at a constant energy. Given E(t^ we
can find the value of a before the discontinuity from Fig. 7;
from Fig. 8, we can find Xp(ti), and, knowing this, we can
then find the value of a after the discontinuity from Fig. 3.
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Fig. 8 Heading angle to go as a function
of energy-height for a final energy-height
of 35 kilofeet with contours of const Am.
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The example trajectory given in Fig. 8 has the initial con-
ditions E/g = 35 kft, Aj8 = 360°. A coasting trajectory is
followed until A£ = 90° and E\g = 29.0 kft. At this point
there is a discontinuity in altitude and bank angle, and the
accelerating trajectory indexed by Xp = —1.8 is followed until
Elg = 35 kft. From the contours of constant Am we can see
that this path requires a Am of 8 slugs.

Figure 9 is a feedback control chart for a final energy
height of 35 kilofeet; it combines the information contained
in Figs. 3, 4, and 8. Given the initial energy, we can find the
thrust, altitude and bank angle programs from Fig. 9 which
will minimize the fuel required to turn through a specified
AjS ending at Elg = 35 kilofeet. The vertical dashed lines
inside the S.F. =0 curve are contours of constant altitude

30 40 50

h = 0x i0 3 f t 10
10 20

20
30 40 50 60

ENERGY- HEIGHT-KILOFEET

for accelerating paths (T= Tmax). The vertical dashed lines
outside the S.F. = 0 curve are contours of constant altitude
for gliding trajectories. The dashed curves within the
S.F. = 0 and a = as boundaries are contours of constant
bank angle and are shown for a = 10° to cr = 70°. No
contours of constant bank angle are given in the coasting
region, as the bank angle is very nearly constant at 49° for all
Ejg > 5 kft (see Fig. 6).

Let us consider a couple of examples. Suppose we wish to
turn through 150°, with (E/g)0 = 9 kft and (Elg)f =35 kft.
From Fig. 9, we see that the optimal trajectory requires
T = rmax for the entire turn, has an initial altitude of 9 kft and
an initial bank angle of 60°. The bank angle increases to 65°
and the energy height to 12.5 kft. At this point, a begins to
decrease steadily, until, at Ejg = 35 kft, it is = 10°. h = 0
until E/g = 13.5 kft, and then steadily increases until, at
E/g = 35 kilofeet, h = 23,000 ft.

Given initial conditions in the coasting region, for example,
(E/g)0 = (Elg)f = 35 kilofeet and A|8 = 360°, the minimum
fuel trajectory begins with T = 0, a = as, a ~ 49°, h = 30,000
ft. At a time ti9 when the energy-height has decreased to
29 kft, there is the following discontinuity in the controls:

A(fi - )=24000ft
or(f!-)= 49°

= 16,000 ft
- 68°

Fig. 9 Feedback control chart for a final energy-height of
35 kft.

T = rmax from Elg = 29 kft to Elg = kft; o- decreases steadily
as altitude increases until, at Elg = 35 kft, a = 60°, and
h = 23,000 ft.

Figure 10 is a state space chart for (E/g)f = 65 kft. The
stall boundary is indicated by the cross-hatched curve and
the S.F. =0 curve is represented by the dash-dot curve. As
shown in Figs. 3 and 4, at E/g = 59 kft there is a discon-
tinuity in the accelerating curves.

The purely coasting region at the right of the graph lies
beneath the gliding path which ends at (Elg)f = 65 kft, A£
to go=0. Trajectories whose initial conditions lie within
this area may be completed with r = 0. For trajectories
whose initial conditions lie within the area circumscribed
by the S.F. =0, and a = as curves, T-=Tm^ at all times.
For trajectories whose initial conditions lie above both of
these areas, a minimum fuel path will include a gliding arc and
a powered arc.
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600r
-1.75 -2.57

Fig. 10 Heading angle to go as a
function of energy-height for a
final energy-height of 65 kft with

contours of const Am.

20 30 40 50 .60
ENERGY-HEIGHT-KILOFEET

70 80 9O

Contours of constant fuel expenditure to go are shown
for Am equal to 10, 30, 50, and 70 slugs.

Figure 11 is a feedback control chart for a final energy-
height of 65 kft. Given an initial energy-height, we can find
the thrust, altitude and bank angle programs for minimum
fuel trajectories which turn through a specified A/3 and end
at E\g = 65 kft.

Three-dimensional minimum fuel trajectories offer a signifi-
cant savings in fuel. For example, the minimum fuel trajec-
tory for (Elg)0 = (E/g)f = 35 kft, A/? = 360° requires 8 slugs of
fuel to perform. However, the corresponding constant
altitude, constant velocity, constant bank angle maneuver
requires 24 slugs of fuel to perform.

Minimum Fuel Turns with only Final Heading Angle Specified

In this section we investigate minimum fuel paths with j8/
specified and Ef unspecified. If the required turn can be
accomplished with T = 0, /z > 0, and a < as, the cost will be
zero. Assuming a change in heading angle of 360° or less,
for nearly the entire range of energies, the turn can be com-
pleted with T = 0. However, if we reach an energy height
of approximately 1.4 kft, corresponding to /z=0, or = 0,
a = as, before the required turn is completed, then the mini-
mum fuel turn must include a powered flight arc. This is
the lowest energy we can have and still satisfy the requirement
mg = L. In effect, this puts a constraint on our final energy:

600r
70-

Fig. 11 Feedback control chart
for a final energy-height of 65 kft.

h=0x!03 f t 10
10 20

20 30 40 47/33 34
30 40 50 60 7O

ENERGY-HEIGHT-KILOFEET
80 90
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Fig. 12 Heading angle to go as a function of energy-height for
minimum fuel turns with Ef unspecified.

E(tf)/g>lAkft. Since E(tf) is unspecified, A£(^)=0 or
E(tf)lg = 1.4 kft. It is clear that for Ef\g > 1.4 kft we could
increase A/2 without increasing fuel comsumption; therefore,
all minimum fuel paths with an unspecified final energy that
include powered arcs must end with Ef/g = 1.4 kft.

Figure 12 shows heading angle to go as a function of
energy height for a final energy height of 1.4 kft. For initial
points to the right of the T = Q trajectory, minimum fuel
turns with final energy unspecified may be accomplished by
coasting. For initial points which lie between the stall
boundary curve and the coasting arc, minimum fuel paths
involve a powered arc followed by a coasting arc.

For example, suppose we have an initial energy height of
2 kft and wish to turn through 315° using minimum fuel.
The trajectory indexed by Xp = —1.28 satisfies these condi-
tions. We begin with T=Tma*, a ~ 60° and h=Q and
accelerate to E/g=4.5 kft, a ~ 65°, and /z=0. At this
point we switch to T — 0 and zoom climb to about 2,000 ft
and a ~ 49°. From this point on, we follow the trajectories
of Figs. 6 and 7 until (E/g)f = 1.4 kft.

Conclusions
In general minimum fuel, three-dimensional turns require

variable altitude, variable bank angle programs. Thrust is
either zero or Tmax. There are three characteristic types of
minimum fuel turns: a) powered accelerating turns, b) coast-

ing decelerating turns, or c) combined powered-coasting or
coasting-powered turns.

The coasting arcs of minimum fuel turns are maximum
Aj3 gliding turns. If the maximum gliding A/3 for a given Ef
is greater than the required A/3, then any gliding maneuver
which satisfies the AjS, A£ requirements may be used.

The altitude-Mach number profile for powered flight shown
in Fig. 4 is practically identical in every case despite the
different turns required. This trajectory follows the path of
maximum increase in energy per pound of fuel burned for
wings level flight (see Ref. 9). If we compare bank angle
profiles with altitude-Mach number profiles, we find that
when a powered arc is required, it occurs at low altitudes.
Maximum bank angle occurs at the lowest altitude and the
bank angle decreases as altitude increases. Physically, this
may be explained by the greater value of A£I/Am|CT = 0 (increase
in energy per pound of fuel burned) at lower altitudes. Al-
though the value of AE/Ara decreases with an increase in
bank angle, it is still of considerable magnitude, and permits
a high-bank angle and turning rate. Similarly, at high-
initial altitudes, the minimum fuel solution consists of a
coasting arc to a lower altitude followed by a powered arc
at a high-bank angle back up to the higher altitude.
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